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ABSTRACT A theoretical two-dimensional model is used to investigate oxygen gradients in a red skeletal muscle fiber.
The model describes the steady state, free and myoglobin-facilitated diffusion of oxygen into a respiring cylindrical
muscle fiber cross section. The oxygen tension at the sarcolemma is assumed to vary along the sarcolemma as an
approximation to the discrete capillary oxygen supply around the fiber. Maximal oxygen gradients are studied by
considering parameters relevant to a maximally-respiring red muscle fiber. The model predicts that angular variations
in the oxygen tension imposed at the sarcolemma due to the discrete capillary sources do not penetrate deeply into the
fiber over a range of physiological values for myoglobin concentration, diffusion coefficients, number of surrounding
capillaries, and oxygen tension level at the sarcolemma. Also, the oxygen tension in the core of the fiber is determined by
the average oxygen tension at the sarcolemma. The drop in oxygen tension from fiber periphery to core, however, does
depend significantly on the myoglobin concentration, the oxygen tension level at the sarcolemma, and the oxygen and
myoglobin diffusivities. This dependence is summarized by calculating the minimum average sarcolemmal oxygen
tension for maximal respiration without the development of an intracellular anoxic region. For a myoglobin-rich muscle
fiber (0.5 mM myoglobin), the model predicts that maximal oxygen consumption can proceed with a relatively flat (<5

mm Hg) oxygen tension drop from fiber periphery to core over a large range for diffusion coefficients.

INTRODUCTION

The magnitude of intracellular gradients of oxygen tension
in red muscle fibers and the in-situ role of the heme protein
myoglobin as a facilitator for oxygen transport are directly
related questions that are not completely resolved. A
prerequisite for myoglobin-facilitated oxygen transport in
red muscle fibers is a gradient in the oxygen saturation of
myoglobin (see the reviews by Wittenberg, 1970; Kreuzer,
1970; and Jacquez, 1984), and this in turn requires that the
oxygen tension of the fiber be low enough so that myoglo-
bin is only partially saturated with oxygen. Under these
conditions, myoglobin can facilitate the transport of oxy-
gen in red muscle tissue, as has been demonstrated in
experiments using isolated bundles of unperfused pigeon
breast muscle (Wittenberg et al., 1975) and slices of
chicken gizzard smooth muscle (Koning et al., 1981). Cole
(1982) found that oxygen tension and twitch tension
generation were compromised when functional myoglobin
was abolished in the perfused, isolated dog gastrocnemius-
plantaris muscle, thus implying that myoglobin was acting
as a transport facilitator for oxygen before its function was
abolished. Jones and Kennedy (1982), however, concluded
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from their studies on isolated cardiac myocytes that the
oxygen concentration gradient from sarcolemma to mito-
chondria is very large during normal respiratory activity of
the cell and that myoglobin does not significantly facilitate
the transport of oxygen from sarcolemma to mitochondria.
Measurements of oxygen tension in exercising dog gracilis
muscle (Gayeski and Honig, 1983; Honig et al., 1984),
obtained using the myoglobin cryomicrospectrophotomet-
ric technique, indicate that the oxygen tension is low (<3
mm Hg) and that the oxygen tension variation within a
fiber is relatively small (~1 mm Hg) during maximal and
near-maximal oxygen consumption.

In this study, a steady-state two-dimensional model of
oxygen diffusion into a myoglobin-containing muscle fiber
is used to specifically analyze the magnitude of oxygen
tension gradients in a single red muscle fiber. Earlier
model studies concentrated primarily on elucidating the
mechanisms of myoglobin-facilitated oxygen transport in
muscle fibers. Wyman (1966) modeled the steady-state
one-dimensional oxygen diffusion into a cylindrical muscle
fiber containing myoglobin and surrounded by a uniform
oxygen tension at the sarcolemma; Wyman showed that
myoglobin can carry a large fraction of the oxygen flow
into the fiber by translational diffusion of oxymyoglobin
molecules. Murray (1974) and Taylor and Murray (1977)
extended Wyman'’s one-dimensional model by quantifying
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the oxygen concentration and myoglobin saturation gra-
dients as functions of oxygen consumption. Model studies
have also looked at myoglobin-facilitated oxygen transport
into tissue using a Krogh cylinder idealization of tissue (cf.
Fletcher, 1980) in order to introduce more-realistic inter-
actions with blood flow and oxygen supply. Since myo-
globin cannot diffuse freely across muscle cell (fiber)
boundaries, however, the Krogh formulation (a capillary
surrounded by several muscle fibers) may not be as
appropriate as a single muscle fiber model for studying
intracellular gradients (Jacquez, 1984). The present study
extends the earlier single-fiber work by considering an
elementary two-dimensional model relevant to the question
of the magnitude of oxygen gradients in single red muscle
fibers in situ. In addition, the specific effect of myoglobin
concentration is considered. Despite the simplicity of the
model, several important concepts about oxygen gradients
in skeletal muscle fibers can be learned from it.

Consider a simple description of the process being
modeled. The perpendicular cross section of a skeletal
muscle fiber in Fig. 1 is supplied oxygen from several
perfused, surrounding capillaries, that also supply oxygen
to contiguous fibers. In very general terms, at the level of a
single fiber cross section, oxygen tension gradients in two
directions may arise: a gradient from fiber periphery to
core required to supply oxygen to the center of the fiber;
and an “angular” gradient at the fiber periphery due to the
discrete capillary sources around the fiber. Though the
extent of the latter gradient in-vivo is not known from
experiments, a principal conclusion of this study is that it
does not persist deeply into the fiber for physiologically
relevant conditions. Also, the oxygen tension drop from
periphery to core can be very small without compromising
maximal oxygen consumption provided that the myoglobin
concentration of the fiber exceeds 0.1 mM and the diffu-
sion coefficients for oxygen and myoglobin are at the upper
portion of the physiological range. These concepts are
summarized by defining the minimum average oxygen
tension at the periphery of a muscle fiber that is required
for maintaining maximal oxygen consumption without
developing an anoxic core in the fiber; this minimum
oxygen tension is presented as a function of myoglobin
concentration.

THE MATHEMATICAL MODEL

Descriptive Equations

The skeletal muscle fiber is modeled as a long right cylinder of radius R
with a polar coordinate system (r,8) centered in the plane of the
perpendicular cross section of the cylinder, as in Fig. 1. The length of the
fiber is much greater than its diameter so that axial transport can be
ignored, and only transport in an r, 8 cross section is considered (Murray,
1974; Taylor and Murray, 1977). The chemical composition of interest is
specified by the molar concentrations (moles/volume) of free (dissolved)
oxygen, N,, oxymyolobin, N,, and free or unbound myoglobin, /V;. One
can assume, however, that the total myoglobin concentration, Ny = N, +
N, is spatially uniform and constant; thus the chemical compositions, N,
and N,, alone, are sufficient to characterize the system (Snell, 1965).
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FIGURE 1 Two dimensional (r, 8) model of oxygen diffusion into a
myoglobin-containing skeletal muscle fiber. The evenly spaced capillaries
are located at the 8, angular positions and the midcapillary angular
positions are the 8. The oxygen tension at the sarcolemma, P,(6), varies
along the sarcolemma to model the discrete capillary oxygen supply.

At steady state the chemical composition in the muscle fiber is
determined by a balance of molecular diffusion, chemical reaction
between oxygen and myoglobin, and oxygen consumption. The differen-
tial mass conservation laws for oxygen and oxymyoglobin that express this
balance, assuming constant diffusivities, D, and D, for oxygen and
oxymyoglobin, are:

0-DVN,-T-M (1)
0= D,9'N, + T, )

where T is the net rate of the reaction between oxygen and myoglobin to
form oxymyoglobin (moles/volume/time), M is the oxygen consumption
rate (moles/volume/time), and V? is the Laplacian in polar coordinates:

Vi =1/rd/or(rdjar) + l/r2 62/602. )
The reversibie binding reaction between oxygen and myoglobin,
0, + Mb = MbO,, 4)

is assumed to follow mass action kinetics. Thus, the net rate of the
reaction from left to right in Eq. 4, T, can be expressed as

T = k_,N\N, — kN,, (5)

where k_, and k are the association and dissociation reaction rate
constants, respectively, that are available from experimental data. Eq. 5 is
given most conveniently by introducing N, the molar concentration of
free oxygen that saturates 50% of the myoglobin at equilibrium, and using
the equilibrium relation, Ny, = k/k_,, to rewrite Eq. 5:

T =k ([N 'N, (Nr — Ny) — N, (6)

The expression, T, models the reaction kinetics between myoglobin and
oxygen and is included to avoid the need to assume a-priori that oxygen
and myoglobin are in equilibrium. Thus, the transport equations are not
forced to equilibrium, and their departure from equilibrium is discussed
briefly in Results and Discussion.

In subsequent discussions we will refer to oxygen tension (partial
pressure), P, and myoglobin saturation, S, rather than the molar concen-
trations of free oxygen and oxymyoglobin, respectively. The relations,
N, = aP and N, = N;S, where « is the oxygen solubility coefficient
(assumed spatially uniform in the fiber), can then be used to derive the
final form of the steady-state transport equations:

0-aDVP —T* - M )
0 = D,V2S + N;~'T%, ®)
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where
T* = kN¢ [Py~ 'P(1 — S) — S} %)

Py, is the oxygen tension saturating 50% of the myoglobin at equilibrium
and is related to N, through the solubility of oxygen, Ns = aPg.

The solution to the transport equations, Egs. 7 and 8, subject to the
boundary conditions discussed in the next section is obtained using
numerical methods. These methods are outlined in the Appendix, where
in addition, typical oxygen tension profiles showing proper convergence of
the numerical results are presented.

Boundary Conditions

The supply of oxygen to a single muscle fiber from blood flowing through
the surrounding capillaries is very complex. Thus, we select the simplest
boundary condition relevant to the question of intracellular oxygen
gradients. At the sarcolemma of the muscle fiber, r = R, the oxygen
tension is specified, i.e. P(r = R,0) = P,(8). The sarcolemmal oxygen
tension, P,(f), is assumed to vary along the sarcolemma as an approxima-
tion to the discrete capillary oxygen supply around the fiber (see Fig. 1).

To define P,(0) precisely is difficult because it is determined by a
complicated balance of transport inside the fiber and oxygen supply from
the discrete capillaries. In addition, there are no experimental data
available as a guide in selecting P,(6). We begin by considering the case of
similar capillaries spaced evenly around the fiber. This is clearly a
simplification of the in-vivo situation, but the final results of the model
suggest that a more elaborate treatment of this boundary condition would
add little additional insight into what we can learn from the simpler
boundary condition. To proceed, we assume P,(f) varies between some
maximal value, P,,,, and some minimal value, P,;, along the sarcolem-
ma, where the maximal values occur adjacent to the capillaries and the
minimal values occur midway between the capillaries. While this is a
reasonable assumption, we do not know how P,(0) varies between P,,, and
P, nor the exact relationship between P,,, and P,;,. The simplest choice
is a linear variation in P,(6) given by

Ps(0)=Pmin+(Pmu_ mm)la:n_al/(a:n_al)
for6, <0 =<8, andi=1,2,...C, (10)

where 6; denotes the angular locations of the capillaries, 8., denotes the
angular locations midway between capillaries, C; is the number of
capillaries surrounding the fiber (C; is 5 in Fig. 1), and | | denotes the
absolute value. Since appropriate values for P,,, and P,,, are not known
precisely, calculations are done over a reasonable range of values for these
parameters. Although it may be argued that in vivo the variation in P,(6)
is not linear (as in Eq. 10), our primary interest is to introduce some
variation in P,(6). The results of the calculations show that the major
conclusions of the analysis are not sensitive to the particular form that the
variation takes. Results of calculations based on quadratic and sinusoidal
variations are essentially the same as the results based on the linear
variation. (See Results and Discussion.)

The boundary condition for oxymyoglobin assumes that the sarco-
lemma is impermeable to oxymyoglobin since it is a large protein
molecule. Thus, we have a no-flux condition:

aS/dr(r=R,0) = 0. )

Eq. 11 represents the true boundary condition for oxymyoglobin. The
oxymyoglobin saturation cannot be directly specified at the sarcolemma
but rather is determined as part of the solution.

Parameter Values

As an application of the model, we consider parameters relevant to
maximally-respiring dog gracilis muscle, since the oxygen tension distri-
bution has been studied experimentally in these muscles (Gayeski and
Honig, 1983; Honig et al., 1984). In dog gracilis during maximal twitch
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exercise, oxygen consumption is relatively high, and thus the calculations
presented here represent a special case in which one would expect the
greatest oxygen concentration gradients to occur.

The most difficult parameters to assign are the diffusion coefficients
for oxygen and oxymyoglobin in skeletal muscle. We are forced to define
an appropriate range for these parameters from limited measurements of
free oxygen diffusivity in muscle and other tissues in situ and from
myoglobin diffusivity in in-vitro solutions. It is important to realize that
many of the values reported in the literature for diffusion coefficients are
measured at 20°C, or some other temperature below physiological, and
must be corrected to 37°C (see Jacquez, 1984, for discussion on the
temperature correction). For the free oxygen diffusion coefficient, D,,
some values available in the literature are: Krogh's original measure-
ments (Wittenberg, 1970) for frog skeletal muscle, 1.3 x 107% cm’ ' at
20°C or 2.0 x 107% cm’ ™' corrected to 37°C; MacDougall and McCabe
(1967) for rat liver, 3.6 x 10~* cm’~"! at 37°C; Kawashiro et al. (1975)
for rat abdominal muscle, 1.6 x 10~% cm~! at 37°C; and Ellsworth and
Pittman (1984) for hamster soleus, 2.6 x 10~ cm? ™', hamster retractor,
1.4 x 10 °cm?s~!, and hamster sartorius, 1.2 x 10~* cm? ", all at 37°C.
This list, though not exhaustive, shows the range of possible values for the
oxygen diffusion coefficient in tissues. Thus, a baseline (b) value is
selected for the free oxygen diffusivity of Dy, = 2 x 107 cm’s~, and
results are presented below for a range of D| = 1.5 Dy, Dy, Dyp/2, and
Dy/3.

The diffusion coefficient for myoglobin or oxymyoglobin has been
predominantly measured in in-vitro solutions, but a value has recently
been reported for in-situ bovine heart muscle of one-half its value in dilute
buffer solution, or ~1 x 10~ cm?~! (Livingston et al., 1983). For lack of
experimental data on the diffusion coefficient for myoglobin in situ, we
will assume that the ratio of the diffusivities of free oxygen and myoglobin
is constant, i.e. independent of the diffusing medium, and we select a
value for myoglobin diffusivity measured in a protein medium for which
the free oxygen diffusivity is known. Riveros-Moreno and Wittenberg
(1972) present values for myoglobin diffusivity in protein buffer ranging
from 1.6 x 107% cm’ ™' (dilute, corrected to 37°C) to 1.4 x 107¢ cm’~!
(10 g% protein, corrected to 37°C). Since free oxygen diffusivity is ~2 x

TABLE 1
MODEL PARAMETERS

R muscle fiber radius 25 um

Py myoglobin equilibrium 5.3 mm Hg
parameter

Ny total myoglobin con- 0.5 mM (0.01-1.0)*
centration

Mo, oxygen consumption 15 mt 0,100 g 'min~!
(maximal)

D, oxygen diffusivity 2.0 x 10% ecm%™!

(0.67-3.0 x 107%)*

D, oxymyoglobin diffusiv- 1.5 x 10" cm’s~!
ity (0.5-2.3 x 1079*%

a oxygen solubility 1.35 x 10~* mole cm*mm

Hg™!

k dissociation rate con- 665!
stant

Ce number of surrounding 5 (3-5)*
capillaries

P./Psxy normalized maximum 2 (1-4)*
oxygen tension at
sarcolemma

Ppi/Psy  normalized minimum 1 (0.1-2)*

oxygen tension at
sarcolemma

*Values in parentheses signify the range of the parameter considered,
while the subscript “b” used in text refers to the baseline value.
{The ratio, D,/D,, is fixed at 0.075 in all calculations.
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10~% cm’~" in protein buffer of about 10 g% (Goldstick et al., 1975), we
select a ratio for D,/D, of (1.5 x 107%)/(2 x 107%) = 0.075. Thus, the
range for D, is related to that for D, above with D,/D, fixed at 0.075. In
absolute terms the ranges for D, and D, in cm? ' used in this study are
Ix 105 <D, <67 x 10%and 2.3 x 107 = D, = 5.0 x 107". These
ranges are consistent with values used in previous model studies. The
assumption of a fixed ratio for D,/ D, is discussed below.

The remaining parameter values are essentially the same as those used
in previous studies (Murray, 1974; Taylor and Murray, 1977). Recent
measurements (Gayeski, 1981) indicate that the Py, for dog myoglobin is
5.3 mm Hg, somewhat greater than previously reported. The total
myoglobin concentration, Ny, is 0.5 mM, but calculations are done in the
range of 0.01 mM to 1.0 mM. The dissociation velocity constant, k = 66
s~!, is from Antonini and Brunori (1972) and is corrected to 37°C. A
typical red muscle fiber has a radius of 25 um and is surrounded by three
to five capillaries (Honig et al., 1984). Oxygen consumption is set high, 15
ml O,/100 g/min, to study maximal gradients and is assumed to be
constant and uniform. It is realized that oxygen consumption decreases at
low oxygen tensions because of Michaelis-Menten kinetics, but in this
study the minimum oxygen tension in the fiber in all calculations
presented remained above 0.5 mm Hg. In this range of oxygen tension,
consumption is nearly constant. The parameters coming from bulk muscle
measurements, Ny and M, are adjusted for 10% extracellular mass in the
muscle.

The relevant parameters and ranges are summarized in Table 'in their
most common units.

RESULTS AND DISCUSSION

General Results

The results presented in this study are displayed primarily
as radial profiles of the oxygen tension, or some related
quantity, from the sarcolemma, r = R, to the center of the
muscle fiber, » = 0. Consider in Fig. 2 4 some typical
radial profiles of the oxygen tension (normalized by myo-
globin Py, = 5.3 mm Hg) versus the normalized radial
coordinate r/R, where zero is the center and unity is the
sarcolemma of the fiber. The solid curves represent radial
profiles along two distinct angular directions: 6, where the
capillaries are adjacent to the sarcolemma and the sarco-
lemmal oxygen tension is greatest (Py,,); and 8 where the
midpoints between capillaries are located and the sarco-
lemmal oxygen tension is a minimum (Py,). Thus, the
difference between the solid curves expresses the angular
variation in oxygen tension, and it can be seen in Fig. 2 4
that this difference is reduced rapidly away from the
sarcolemma, r/R = 1. In subsequent discussions maximal
angular variations in oxygen tension will be studied by
looking at the ratio of these two curves, P(r,0 =6,/
P(r,0 = 8}), and maximal radial variations in oxygen
tension will be studied by looking at P(r, 8 = 6;).

The dashed curve in Fig. 2 4 represents the oxygen
tension profile calculated when the oxygen tension at the
sarcolemma is uniform (no 6 dependence) and equal to the
average oxygen tension at the sarcolemma for the general §
dependent case. It is apparent that the oxygen tension
profile based on a uniform, average oxygen tension sur-
rounding the fiber predicts very accurately the oxygen
tension in the core of the fiber. This occurs not only when
the variation in oxygen tension at the sarcolemma, Py(f), is
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FiIGURE 2 Typical radial profiles for normalized oxygen tension (A)
and myoglobin saturation (B) in a muscle fiber. The solid curves
represent the radial profiles at the 8, and 8%, angular positions. The dashed
curve is the radial profile based on a uniform oxygen tension at the
sarcolemma which is the average of the sarcolemmal oxygen tension in
the 8 dependent case. All parameters assume their baseline values in
Table L.

linear as in Fig. 2, but also for other variations in Py(8). For
example, a sinusoidal variation in P,(§) between Py, /Ps; =
2 and P,/ Ps, = 1 leads to a normalized oxygen tension at
the center of the fiber of 0.754; using the average sarcolem-
mal normalized oxygen tension for this case, which is 1.36,
in the one-dimensional model leads to an oxygen tension in
the center of 0.762. Similarly, a quadratic variation in
P(0) for the same values above produces a center oxygen
tension (normalized) of 0.982; the average sarcolemmal
oxygen tension in this case is 1.67, and in the one-
dimensional model this sarcolemmal oxygen tension pro-
duces an oxygen tension at the center of the fiber of 0.989.
Thus, the oxygen tension at the center of the fiber does
depend on the nature of variation in Py(6) but is always
nearly identical to that predicted from a one-dimensional
model (no 6 dependence) provided the uniform oxygen
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tension at the sarcolemma is equal to the average sarcolem-
mal value in the 8 dependent case. This result could have
been anticipated from consideration of diffusion theory
without facilitation effects.

In Fig. 2 B the corresponding myoglobin saturation, S, is
displayed vs. radial position for the same case as in Fig.
2 A. Clearly, the angular variation of myoglobin saturation
also does not persist into the fiber; the maximum angular
variation in myoglobin saturation is <4% (saturation
units) at /R = 0.8. One can also notice that the slope of
the radial profiles of oxymyoglobin saturation decreases to
zero at the sarcolemma over a short distance. This thin
oxymyoglobin boundary layer denotes the region where
oxygen and myoglobin depart from equilibrium. Though
there are different ways to characterize the departure from
equilibrium in this boundary layer, one way is to compare
the computed myoglobin saturation at the sarcolemma,
S(R, 0), with the saturation value, S4(R, 8), that would be
in equilibrium with the oxygen tension at the sarcolemma,
P(R, 6). The equilibrium relationship (T* — 0 in Eq. 9)
between oxygen and myoglobin is the hyperbolic curve:
Seq = P/(P + Py). Table II compares the percent devia-
tion of S.4(R, #) and S(R, 6) for 8 = 6; (column three) as a
function of the diffusion coefficients and the myoglobin
concentration, Ni. These values represent the maximum
departures from equilibrium found in this study, and as is
apparent from Table II, the departures are small. Increas-
ing the diffusion coefficients reduces the size of the non-
equilibrium boundary layer (Murray, 1974), and as one
would expect the departure from equilibrium decreases
accordingly. The total myoglobin concentration, Ny, has
only a small effect on the departure from equilibrium.

Table II also lists values for the percent facilitated
transport under different conditions (column four). The
fraction of facilitated transport is defined here as the ratio

TABLE I1
PERCENT DEVIATION FROM EQUILIBRIUM* AND
PERCENT FACILITATED TRANSPORT#

D N Percent Percent
! T deviation®* facilitated transport}
15D, 05mM 5.20 50.2
Dy, 0.5 mM 5.40 52.5
Dy/2 0.5 mM 6.58 60.1
Dy/3 0.5 mM 8.08 66.8
Dy 0.05 mM 5.02 16.1
Dy 0.1 mM 5.04 25.6
Dy, 0.25 mM 5.16 41.0
Dy 1.0 mM 5.92 62.3

All parameters, unless noted, assume their baseline values as given in
Table I, and D,, denotes the baseline value for D, (2 x 10~* em’™").
D,/ D, is fixed at 0.075.

*Percent deviation is defined in text as [Sq(R, 8)) — S(R, 8)]1/S(R, 8)) x
100.

{Percent facilitated transport is defined in text as total inward flux of
bound oxygen divided by the same flux of total oxygen, bound and free.
Values in column four above are evaluated at /R = 0.57.
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of total inward flux of bound oxygen at a given radial
position (D, dN,/dr(r, 8) integrated over 6) divided by the
total inward flux of all forms of oxygen, bound and free, at
the same radial position (D, dN,/dr(r,8) + D, AN,/
ar(r, 0) integrated over ). This fraction depends on the
radial position, r, since both the free oxygen and bound
oxygen gradients vary with r. Arbitrarily, the radial posi-
tion, r/R = 0.57, is selected in Table IT as a reference point
for presenting some typical values. (This point is conve-
nient since a collocation point is located there, see Appen-
dix.) Apparently, the percent facilitation changes very
little over the range of diffusion coefficients considered,
with only a small shift towards more percent facilitation as
diffusion coefficients decrease. Also, as one would expect
the percent facilitation decreases with decreasing total
myoglobin concentration. The decrease, however, is atten-
uated at higher myoglobin concentrations. Fletcher (1980)
discusses in detail the spatial variation of percent facilita-
tion in tissue.

It is worth commenting on the radial profile of oxygen
tension in Fig. 2 A for § = 8%, where the oxygen tension at
the sarcolemma is a minimum, P,;,. Notice that the profile
shows an outward flux of oxygen at the sarcolemma
(reverse gradient) at this angular location. This may not be
physiologically realizable and indicates that the selected
variation in P,(#) may be too large, i.e. P, should be closer
to P, than what we have considered. In fact, if a Pp;/Pso
of 1.5 or greater is selected for the calculations of Fig. 2 4
(rather than 1.0), the reverse gradient is eliminated. Thus,
we may be considering angular variations in oxygen ten-
sion at the sarcolemma that are more severe than physio-
logically possible (i.e. a “worst-case” variation); however,
in the following section it is shown that these “worst-case”
variations do not persist significantly into the fiber under
most physiological conditions, and hence the exact rela-
tionship between P,,, and P, is not crucial for studying
gradients within the fiber.

Angular Variations in Oxygen Tension

In this section maximum angular variations in oxygen
tension are studied by looking at the ratio, P(r, 0 = 6;)/
P(r,0 = 60i), under various conditions. This ratio is a
convenient scale for studying angular variations in oxygen
tension. As mentioned above, the angular variations in
oxygen tension considered here may be “worst-case’™ varia-
tions compared to angular variations occurring in vivo.
Consider Fig. 3 4, in which the effect of myoglobin
concentration on maximum angular gradients is displayed.
The four curves represent myoglobin concentrations of 0,
0.05, 0.1, and 0.5 mM; and the calculations are done for
Ci =5, Ppou/Psy = 2, and P,/ Psq = 1. It is clear that the
angular variations in oxygen tension decrease very rapidly
away from the sarcolemma for all the myoglobin concen-
trations studied. In particular for fibers rich in myoglobin
(0.5 mM), angular variations are less than 20% when
r/R=0.3.
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FIGURE 3 Angular variations of oxygen tension are studied by considering radial profiles of the ratio, P(r, 8 = 8,)/P(r, 8 = 6%,). The effects
of myoglobin concentration (A4), number of surrounding capillaries (8), oxygen tension at the sarcolemma (C), and diffusion coefficients (D)
are presented. All parameters, except where noted, assume their baseline values in Table I. D,, refers to the baseline value for D, (2 x 10~°

cm’s™') and D,/ D, is fixed (0.075).

A similar decrease in angular variations of oxygen
tension occurs for different numbers of capillaries sur-
rounding the fiber C;. In Fig. 3 B the solid curves denote
the maximum angular variation in oxygen tension for C; =
3, 4, and 5, and 2 myoglobin concentration of 0.5 mM
(Praxs Pmin same as in Fig. 3 A). The dashed curves
represent the same cases as the solid curves but with no
myoglobin facilitation. Except for the case of no myoglobin
facilitation and only three surrounding capillaries, angular
variations in oxygen tension do not persist deeply into the
fiber. In this worst case angular variations are reduced to
20% atr/R = 0.5.

In Fig. 3 C angular variations in oxygen tension are
studied for several values of P, and P, with five
capillaries surrounding the fiber and a 0.5 mM myoglobin
concentration. The solid curves correspond to a ratio of
P i/ Pmin = 2, but for several different P,,, values. The
dissipation of angular variations in oxygen tension is nearly
independent of the selected value of P,,,. This is significant
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because it is not known with certainty what the sarcolem-
mal oxygen tension level is in vivo; but from Fig. 3 Csome
confidence is gained that angular variations in oxygen
tension are dissipated quickly regardless. The dashed curve
corresponds to a ratio of P, /P, = 10, undoubtedly an
extreme value for oxygen tension variations on the sarco-
lemma of the fiber. In this case angular variations persist
more deeply into the fiber than for smaller P,/ Py, ratios;
nevertheless, they are nearly eliminated at /R = 0.5.

In Fig. 3 D it is seen that dissipation of angular varia-
tions into the fiber does not depend significantly on the
diffusion coefficients selected from the range of physiolog-
ical values. Results are shown for the upper and lower D,
values possible, D, = 1.5 D\, and D, = Dy, /3, respectively,
with Dy, = 2 x 1073 cm? ™. Recall that D, is also varied in
Fig. 3 D since the ratio, D,/D,, is taken to be a contant
(0.075). Taken together, Figs. 34, 3B, 3C, and 3D
indicate that for the geometry considered here angular
variations in oxygen tension are of small concern since they
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never persist deeply into the fiber. What is more important,
as discussed above in relation to Fig. 2 A4, is the average
value of the sarcolemmal variations in oxygen tension. This
value sets the oxygen tension in the core of the fiber.

A critical step in the modelling of oxygen gradients in
this study was the choice for the boundary condition for the
oxygen tension at the sarcolemma of the muscle fiber.
Fortunately, the variation in oxygen tension imposed at the
boundary does not penetrate deeply into the fiber since a
priori we do not know the oxygen tension variation at the
sarcolemma in vivo and must assume a simple boundary
condition. For parameters relevant to dog gracilis muscle
(0.5 mM myoglobin, C; is ~5), the dissipation of angular
variations in oxygen tension occurs over a very short
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distance into the fiber, regardless of the value of P,,, or
P,;,. Furthermore, since angular variations in oxygen
tension do not persist substantially into the fiber over a
range of C; from 3 to 5, we can be confident that the
assumption of equally-spaced capillaries is not a particu-
larly limiting one; for the case, however, in which the
surrounding capillaries are clustered completely at one
edge of the sarcolemma, the results obtained here would
not apply.

The calculations performed in this study assume that the
surrounding capillaries are identical. If the oxygen tension
in the surrounding capillaries is very different, we cannot
draw any final conclusions about the dissipation of angular
oxygen tension gradients. However, the results in Figs. 3 A,
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FIGURE 4 Maximal radial gradients of oxygen tension are studied by considering radial profiles of P(r, 6 = 8,) normalized by Pg,. The
effects of myoglobin concentration (A4), number of surrounding capillaries (B), oxygen tension at the sarcolemma (C), and diffusion
coefficients (D) are presented. All parameters assume their baseline values in Table I, unless where noted. D,y is the baseline value for Dy, and

D,/ D, is fixed.
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3 B, 3C, and 3 D leave us optimistic that angular varia-
tions of oxygen tension in this more complicated situation
would also not persist deeply into the muscle fiber, espe-
cially for a myoglobin-rich muscle fiber like the dog
gracilis.

Radial Variations in Oxygen Tension

In this section maximal radial variations in oxygen tension
are studied by looking at P(r, # = 6,). Recall from Fig. 2 4
that at the 8, angular locations, where the capillaries are
situated adjacent to the sarcolemma and the oxygen ten-
sion at the sarcolemma is P,,,, the radial profile of oxygen
tension is steepest. In Fig. 4 4 the effect of myoglobin
concentration on these radial profiles is shown. The results
displayed in Fig. 4 4 are for C; = 5, Py, /Psy = 2, and
Poin/ Pso = 1. The drop in oxygen tension from the sarco-
lemma to the center of the muscle fiber is 6.1 mm Hg with
0.5 mM myoglobin, 8.2 mm Hg with 0.1 mM myoglobin,
and 9.8 mm Hg with no myoglobin. The difference in the
oxygen tension drop with myoglobin concentration is due
to the increase in myoglobin facilitation at greater myoglo-
bin concentrations.

The number of surrounding capillaries, C;, has little
effect on the maximum radial variation in oxygen tension,
as evident in Fig. 4 B. The solid curves are results obtained
with myoglobin facilitation (0.5 mM myoglobin), and the
dashed curves are results obtained without myoglobin
facilitation. The value of C; has very little influence on the
radial variations in oxygen tension in either case.

The maximum radial gradient, P(r, 8 = 8,), does depend
significantly on P,,, as shown in Fig. 4 C. The drop in
oxygen tension from the sarcolemma of the muscle fiber to
the center of the muscle fiber increases for larger values of
P,.,: the oxygen tension drop is 3.7 mm Hg for Pp,,/Ps =
1, 6.1 mm Hg for P.,/Ps = 2, and 10.4 mm Hg for
Poax/ Pso = 4. This reflects the functional range of myoglo-
bin facilitation and is related to the slope of the oxygen-
myoglobin dissociation curve. At greater oxygen tensions
myoglobin becomes fully saturated, and the gradient in
oxymyoglobin saturation, necessary for facilitated oxygen
transport, is lost. Since the total flux of oxygen (free and
facilitated) is set in this steady-state model by oxygen
consumption, loss of facilitated transport must be compen-
sated by an increase in the flux of free (dissolved) oxygen.
Thus, the gradient or flux of free oxygen increases to adjust
for the loss of facilitation by myoglobin.

The effect of diffusion coefficients on the maximum
radial gradient is displayed in Fig. 4 D for the standard
parameters. Results are displayed for D, ranging from 1.5
D,y to D,,/3, which also corresponds to a range of D, since
the ratio, D,/D,, is assumed to be constant. As expected,
the effect of the diffusion coefficient on the drop in oxygen
tension from fiber periphery to core is significant: 5.1 mm
Hg for 1.5 Dy, 6.1 mm Hg for D,,, 8.4 mm Hg for Dy/2,
and 10.0 mm Hg for D,,/3. The increase in the oxygen
tension drop, however, is less than linearly proportional to
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the decrease in diffusion coefficients, €.g. a halving of the
diffusion coefficients, from D,, to D,,/2 increases the
oxygen tension drop from fiber periphery to core by only
38%. This attenuating effect is due to the presence of
myoglobin facilitation; without myoglobin the oxygen ten-
sion drop would be linearly and inversely proportional to
the diffusion coefficient for oxygen.

At this point it is worth addressing the assumption of a
constant ratio for D,/D,. This assumption was necessary
because of a lack of detailed experimental data in the
literature for myoglobin diffusion in tissue and a lack of
data directly addressing the oxygen and myoglobin diffu-
sivity dependence in various media. The diffusivity ratio is
likely to depend on the medium considered. Spaan et al.
(1980) provide some data for oxygen and hemoglobin
diffusivities in hemoglobin solutions of varying total hemo-
globin concentration. Their data indicate that the diffusiv-
ity ratio (hemoglobin to oxygen) decreases with increasing
total hemoglobin concentration of the diffusing medium.
For example, doubling the total hemoglobin concentration
from 10 g% to 20 g% reduces the ratio from ~0.02 to
~0.015 (the exact ratios are difficult to determine from the
semi-logarithmic plots of oxygen and hemoglobin diffusiv-
ity presented by Spaan et al.). No corresponding data,
however, are given for oxygen and myoglobin. Nonethe-
less, the results in Fig. 4 D cover a wide range of both
oxygen and myoglobin diffusivities, and one can qualita-
tively interpret Fig. 4 D for cases in which the myoglobin-
oxygen diffusivity ratio changes. For example, suppose
oxygen diffusivity, Dy, is reduced by a factor of 2 while
myoglobin diffusivity, D,, is reduced by a factor of 3 from
their respective baseline values. The resultant oxygen
tension profile would fall in Fig. 4 D somewhere between
the D,/2 curve and the D,,,/3 curve. A more detailed study
of the effect of both diffusion coefficients on the oxygen
tension profile in muscle fibers must await more experi-
mental data on oxygen and myoglobin diffusivities in
identical or similar muscle tissue in situ.

The radial gradients of oxygen tension in Fig. 4 C are
consistent with those found experimentally by Honig et al.
(1984) for maximally-respiring dog gracilis muscle. In
particular, they find a difference of <2 mm Hg between
the oxygen tension measured near the sarcolemma and
that measured at the center of the fiber. It is important to
recognize that the oxygen tension they measured was
always <3 mm Hg (a normalized value of ~0.6 on the
ordinate of Fig. 4 C, and thus the small drop in oxygen
tension they reported is consistent with the lower curve in
Fig. 4 C. The drop in oxygen tension would be larger if the
level of the oxygen tension in the muscle fiber is increased.
The arguments above assume that the diffusion coefficient
for oxygen in dog gracilis is near or above the baseline
value, D,y = 2 x 107 cm’~". Since the oxygen diffusion
coefficient has never been reported for this muscle we can
only speculate that this is true. It is interesting, however,
that the in-situ measurements of oxygen diffusion coeffi-
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cients by Ellsworth and Pittman (1984) on different
hamster muscles show that the 100% oxidative soleus
muscle had the largest oxygen diffusion coefficient, which
is larger than D, in this study. Also, as pointed out by
Jacquez (1984), the local temperature in a heavily exercis-
ing muscle may exceed 37°C by several degrees and this
would act to increase diffusion coefficients.

The Minimum Average Sarcolemmal
Oxygen Tension

The important effect of myoglobin concentration on oxy-
gen tension gradients is summarized in this section by
defining the minimum average oxygen tension at the
sarcolemma. Recall from the discussion in General Results
that the oxygen tension in the core of the fiber can be
predicted well by assuming a uniform oxygen tension at the
sarcolemma that is the average of the oxygen tension along
the sarcolemma in the general two-dimensional case for
any reasonable variation in P (6). To proceed, then, we
define the minimum average oxygen tension at the sarco-
lemma to be the minimum value of the uniform oxygen
tension at the sarcolemma such that anoxia does not occur
at the center of the fiber. Clearly the distinction between
anoxia and normoxia is not precise, so as a working
definition we week the value of the uniform sarcolemmal
oxygen tension that leads to a normalized oxygen tension at
the center of the fiber of 0.1, or ~0.5 mm Hg in dimen-
sional terms.

_ This minimum average sarcolemmal oxygen tension,
P, is displayed in Fig. S as a function of the total
myoglobin concentration of the muscle fiber for M,,,, = 15
ml 0,/100 g/min. Values are given for the complete
physiological range of diffusion coefficients considered in

© e P

»

PR RPN R TS S S

PMIN /p5°

<

T T T

.9t e.1e 1.00
Mb (mM}

FIGURE 5 Minimum average sarcolemmal oxygen tension as defined in
The Minimum Average Sarcolemmal Oxygen Tension normalized by Ps,
vs. myoglobin concentration for maximal oxygen consumption. Curves
correspond to different diffusivities, where Dy, = 2 x 107* cm?s~! and

D, /D, is fixed at 0.075. All other parameters as defined in Table I.
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this study. Above a myoglobin concentration of 0.5 mM
the minimum average oxygen tension at the sarcolemma
becomes less sensitive to the diffusion coefficients selected
and is <5 mm Hg over most the range for diffusion
coefficients. Of real significance for maximally-respiring
muscle fibers is the drop in the minimum average oxygen
tension at the sarcolemma that occurs when the myoglobin
concentration increases above 0.1 mM. The substantial
drop is caused by the additive nature of two factors
discussed previously: myoglobin-facilitated transport is
greater with increasing myoglobin concentration (more
oxygen carrier is available); and as oxygen tensions become
lower, the functional range for myoglobin is realized
(myoglobin becomes more desaturated) and myoglobin
facilitation increases. The increase in myoglobin-facili-
tated oxygen transport means that oxygen consumption,
which sets the total oxygen transport rate (free and
facilitated), is satisfied with less transport of free oxygen;
thus the oxygen tension gradient from sarcolemma to
center is smaller.

The results in Fig. 5 can aid in the interpretation of
experiments in which myoglobin function is abolished in
intact working skeletal muscles. Cole (1982) eliminated
functional myoglobin in the dog gastrocnemius-plantaris
muscle by using hydrogen-peroxide to convert myoglobin
to higher oxidation states incapable of binding oxygen. He
found that twitch tension and oxygen consumption were
reduced significantly as compared to control animals,
suggesting (but not establishing) that the muscle fibers
became hypoxic when myoglobin function was abolished.
The oxygen consumption in Cole’s experiments corre-
sponded roughly to one-half the maximal value used in Fig.
5. From Fig. 5, abolishing myoglobin at maximal con-
sumption leads to a minimum average sarcolemmal oxygen
tension of ~7 mm Hg (ordinate intercept in Fig. 5) for
D, = D;,. At half-maximal consumption this number is
probably around 3 to 5 mm Hg, a very low value when
compared with the oxygen tension one would expect in
capillary blood. Thus, either the muscle fibers in Cole’s
experiments did not become hypoxic when myoglobin was
abolished, and twitch tension was compromised for some
other reason; or the fibers did become hypoxic, and the
average oxygen tension at the sarcolemma was very low, on
the order of 3 to 5 mm Hg. The latter would suggest that
capillary blood has either a low oxygen tension (significant
precapillary losses of oxygen occur), and/or the oxygen
tension drop from inside the capillaries to the sarcolemma
is very large. Studies of Katz et al. (1984) on cardiac
myocytes suggest that a large drop in oxygen tension from
capillaries to sarcolemma may in fact occur.

SUMMARY AND COMMENT

An important finding of the present modeling study is that
the variation in the oxygen tension along the sarcolemma
(periphery) of a skeletal muscle fiber does not penetrate
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substantially into the fiber, especially for parameters rele-
vant to myoglobin-rich red muscle (0.5 mM myoglobin).
The relatively quick dissipation of angular variations of
oxygen tension into the fiber is significant for the model.
Primarily, it justifies the model boundary condition for
oxygen tension at the sarcolemma of the muscle fiber. As a
first approximation, there is little need for treating this
boundary condition in a more complex manner. The oxy-
gen tension in the majority of the muscle fiber is deter-
mined mainly by the average oxygen tension at the sarco-
lemma and not by sarcolemmal variations of the oxygen
tension. The results discussed above are not unexpected if
one considers diffusion theory without facilitation effects.

The presence of myoglobin merely reduces somewhat the-

depth to which angular variations at the sarcolemma
penetrate without myoglobin.

Though earlier studies have addressed the role of myo-
globin in red skeletal muscle fibers, the strong specific
effect of myoglobin concentration viewed in terms of a
minimum average sarcolemmal oxygen tension has not
been reported. A myoglobin-rich skeletal muscle fiber with
a myoglobin concentration greater than 0.1 mM can
sustain very high oxygen consumptions with a surrounding
average oxygen tension of ~4 mm Hg or less if diffusion
coefficients are in the upper portion of the physiological
range. Above a myoglobin concentration of 0.5 mM, the
minimum average sarcolemmal oxygen tension is below 5
mm Hg over a large range of diffusion coefficients. The
results of this model study show that the existence of flat,
shallow gradients of oxygen tension in red muscle fibers is
consistent with theoretical considerations of oxygen diffu-
sion and consumption rates in this tissue, and that the
magnitude of these oxygen gradients depends strongly on
the myoglobin concentration and oxygen tension level of
the muscle fibers.

APPENDIX

Numerical solution of transport equations

The transport equations, Eqs. 7 and 8, are solved subject to the boundary
conditions, Egs. 10 and 11, using a mix of numerical techniques. The
character of the transport equations leads to a thin boundary layer region
near the muscle sarcolemma, r = R. In this thin boundary layer region the
reaction between oxygen and myoglobin departs from chemical equilibri-
um, and reaction rates become comparable to diffusion rates. Outside of
this boundary layer oxygen and myoglobin are in equilibrium. The
existence of these type of boundary layers has been well studied for the
oxygen-myoglobin problem (see Murray, 1974; Fletcher, 1980) and have
been exploited to obtain an approximate analytical solution to the
transport equations in one spatial dimension using techniques such as
matched asymptotic expansions. In the present study, however, the two
spatial dimensions complicates the problem sufficiently that, although a
asymptotic solution may be obtainable, it is easier to solve the full
transport equations directly by numerical techniques.

It is imperative that the numerica! techniques resolve sufficiently the
nonequilibrium boundary layer region. Murray (1974) calculates that the
thickness of the boundary layer is on the order of I um or less and hence
the spatial resolution of the numerical scheme in the radial direction
should be relatively fine. In this study the transport equations are

866

discretized in the r direction using orthogonal collocation (see Finlayson,
1980, for a good description of all the numerical techniques discussed
below) and in the 8 direction using standard finite differences.

As an example, the discretization of the free oxygen transport equation,
Eq. 7, is described. The r, 8 space in the muscle fiber is divided into radial
collocation points located along angular rays. Let r, be the ith radial
collocation point (in the subsequent discussion the radial coordinate has
been normalized by muscle fiber radius, R, so that0 < 7, < 1) and 6, be the
Jjth angular finite difference ray. We denote the (,, 8)) spatial point by ij,
P(r, 0)) by Py, and T* (r,, 8)) by T} for simplicity, where T} is a function
of P, and S, from Eq 9. The fundamental step in the discretization is
approximating V?P at the ij spatial point by a discrete form, where V2 =
1/R(1/r 3/3r(rd/dr) + 1/r* 3*/30%]. The angular part of VP at ij is
approximated using finite differences:

8*P/36* = (P, — 2P; + P;_|)/ A6, (A1)

where Af is the angular difference between adjacent rays. The approxi-
mation for the radial part of VP is obtained as follows (see Finlayson,
1980, pp. 94-97). The r dependence of P(#, §) is expanded in polynomials
of 7* due to the radial symmetry of the problem:

N+l
P(r,60) = Y d*?, (A2)
k=1
where d, are unknown factors depending on 6, and N is the number of
interior (» < 1) radial collocation points chosen. From Eq. A2 the value of
Py is given by P(r,, 8)):
N+l

m=;%ﬁi (A3)
-1

where dy; is a short way to write d,(6,). Also using Eq. A2, the radial part
of V2P (1/r d/3r(rdP/dr) can be calculated explicitly and then evaluated
at the ij spatial point. This quantity is denoted U, and is given by
N+1
U; - kZ dy (2k — 2)%r¥, (A4)
1
At this step it is useful to introduce vector notation: let P, be the vector of
Py values from i = 1 to N + 1, d; be the vector of unknown factors d, from

k=1toN + 1,and U, be the vector of radial derivatives Uyfromi=1to
N + 1. Then Eqs. A3 and A4, respectively, can be written as

P, =Qd;
U -Dd,

(AS5)
(A6)

where Q and D are matrices whose elements depend only on the values of
the radial collocation points viz. Qy = r¥*~? and D, = (2k — 2)%2*-4.
From Eq. AS it is apparent that d; = Q~'P,, where Q' denotes the
inverse of Q. Thus, the radial part of V2P at ij can be rewritten as

U-DQ'P,-BP, (A7)
where the matrix B = DQ™' depends only on the collocation points
selected (i.e. the r,), which will be discussed below. Once the elements of B
are calculated, Eq. A7 can be resolved into its components:

N+l

%=§mm, (A8)
-

which is the desired approximation to the radial derivative at the ij spatial
point. The discretized form of the free oxygen transport equation, Eq. 7
is

0=aD,/R?

N+1
(zawq
k=t
(A9)
+1/(r200%) (P, — 2P, + P,-,_,)J ~T:-M,
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which is an algebraic equation for the P, and is applied to all the interior ij
spatial points. The i = N + 1 radial collocation point is the boundary r =
1. In a similar manner other necessary quantities, e.g. first derivatives,
can be calculated. The discretization of the oxymyoglobin transport
equation, Eq. 8, proceeds similarly. The discretized transport equations
applied to the interior if spatial points in combination with the applicable
boundary conditions provide simultaneous algebraic equations for all the
unknown Py and S,;. These algebraic equations are solved in an iterative
manner using the method of successive over-relaxation (see Finlayson,
1980, pp. 280-281).

The values of the r; radial collocation points that are necessary to obtain
the elements of B are chosen as the zeroes of orthogonal polynomials.
These polynomials are generated in cylindrical r space using the following
orthogonality constraint:

L:l Y, (DY, Drdr=0 k=m-1,

where Y} is a polynomial of degree k in 72 For a given N the interior
collocation points, r,...ry, are the zeroes of the Y, polynomial
constructed above. The rationale for this manner of choosing the 7, is
beyond the scope of the Appendix but can be found in Finlayson (1980),
where tables of the r, values can also be found. For N = 4, the points are
(to two digits): r; = 0.26, r, = 0.57, r; = 0.82, r, = 0.96, and as always
Ther = 1.

The resolution of the discretization must be increased (i.e. more finite
difference grids in the 8 direction and more collocation points in the »
direction) until the solution converges within a specified criterion. In the 8
direction, 20 finite difference grids from 6, to 8/, were found to be more
than sufficient for accurate results. To demonstrate convergence with
increasing resolution in the radial direction a typical calculation for the
oxygen tension profile in the muscle fiber at 8 = 4, is displayed in Fig. 6 for
various number of radial collocation points, N = 2, 3, 4, 5, and 6. The
exact ordinate intercept values (/R = 0) for N = 4, 5, and 6 were hard to
label for this figure because the values were nearly equal; the actual
values are 0.856 for N = 4, 0.861 for N = 5, and 0.863 for N = 6. The
curve for N = 4 corresponds to the calculations displayed in Fig. 2 A4. It is
clear from Fig. 6 that N = 4 represents a reasonable level of accuracy in
the calculations for the type of results presented in this study. It is
important to point out that the radial collocation points are not evenly
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FIGURE 6 Convergence of numerical calculation of oxygen tension
profiles with increasing number of radial collocation points, N.
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spaced and with N = 4 the point, r, = 0.965, is within 0.875 um of the
sarcolemma for a 25 um radius muscle fiber. Thus, the r; collocation point
lies within the boundary layer region, which is ~1 um thick (as discussed
above). Fig. 6 leads us to the conclusion that for reasonably accurate
calculation of the oxygen profiles presented in this study one collocation
point inside the boundary layer is sufficient.

The efficacy of orthogonal collocation in reaction-diffusion problems is
not a new finding of this study. Federspiel (1983) looked at a similar
prablem of oxygen transport in hemoglobin solutions and found that N =
3 orthogonal collocation points in the domain gave the same results as
using 40 finite difference grids. Eilbeck (1983) looked at general
reaction-diffusion problems using a collocation procedure that was
slightly improved over the one used in this study; he found that eight
collocation points gave identical results as 720 finite difference grids.
Finlayson (1980, pp. 98-104) also gives several comparisons between
orthogonal collocation and finite differences that demonstrate the accu-
racy and efficiency of collocation vs. finite differences.
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